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Abstract 

We give two different simple proofs for the removable singularities of the 
heat equation in (Q \ {xq}) x (0, T) where xq € Q C M"" is a bounded domain 
with n > 3. We also give a necessary and sufficient condition for removable 
singularities of the heat equation in {Q \ {xq}) x (0, T) for the case n = 2. 

Key words: removable singularities, heat equation 

Mathematics Subject Classification: Primary 35B65 Secondary 35K55, 35K05, 
35K20 

Singularities of solutions of partial differential equations appear in many problems. 
For example singularities appears in the study of the solutions of the harmonic map 
[13] and the harmonic map heat flow [3]. In [H] S. Sato and E. Yanagida studied the 
solutions for a semilinear parabolic equation with moving singularities. Singularities 
of solutions also appears in the study of hyperbolic partial differential equations [T5] 
and in the study of the touchdown behavior of the micro-electromechanical systems 
equation [1], [5], [6]. 

It is interesting to find the necessary and sufficient condition for the solutions of 
the equations to have removable singularities. In [8j S.Y. Hsu proved the following 
theorem. 

Theorem 1. Let n > 3 and let E Q G M" be a domain. Suppose u is a solution of 
the heat equation 

ut = Au (1) 

in {Q \ {0}) X (0, T). Then u has removable singularities at {0} x (0, T) if and only 
if for any < ti < t2 < T and 6 G (0, 1) there exists Bji^{0) C depending on ti, t2 
and 6, such that 

\u{x,t)\<5\x\^"' (2) 
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for any < \x\ < Rq and ti < t < t2. 

The proof in [8] is based on the Green function estimates of [9] and a careful 
analysis of the behavior of the solution near the singularities using Dehamel principle. 
In this paper we will use the Schauder estimates for heat equation \12\, and the 
technique of [1] and [7] to give two different simple proofs of the above result. We 
also obtain the following result for the solution of the heat equation in 2-dimension. 

Theorem 2. Let E Q G M.'^ be a domain. Suppose u is a solution of the heat 
equation in {Q \ {0}) x (0,T). Then u has removable singularities at {0} x (0, T) if 
and only if for any < ti < t2 < T and 5 G (0, 1) there exists Biig{0) C ^2 depending 
on ti, t2 and 6, such that 

\u{x,t)\<6{\og{l/\x\))-' (3) 
for any < |x| < Rq and ti < t < ^2- 

Remark 3. Note that the function log \x\ satisfies the heat equation in (M^ \ {0}) x 
(0, oo) but it has non-removable singularities on {0} x (0, oo) and it does not satisfy 
(3). Hence (3) is sharp. 

We start with some definitions. For any set A we let xa be the characteristic 
function of the set A. Let G i7 C M" be a bounded domain. We say that a 
solution u of the heat equation (1) in (f2 \ {0}) x (0, T) has removable singularities at 
{0} X (0, T) if there exists a classical solution v of (1) in f2 x (0, T) such that u = v 
in {Vt \ {0}) X (0, T). For any > let Br = Br{0) = {x : |x| < R} C M". 

Proof of Theorem 1: Suppose u has removable singularities at {0} x (0,T). By the 
same argument as the proof in section 3 of [Hj for any < ti < ^2 < 7" and 5 G (0, 1) 
there exists Br^ C VL depending on ti, ^2 and 5, such that (2) holds. 

Suppose (2) holds. Then for any < ti < t2 < ^ and 5 G (0, 1) there exists 
-B_Ro C VL depending on ti, ^2 and 5, such that (2) holds for any < < i?o and 
ti<t< t2. 

For any < |a;| < Rq, let 

w{y,s) = u{\x\y,\x\h) WO < \y\ < Ro/\x\,tJ\x\^ < s < t2/\x\\ (4) 
Then w is a solution of (1) in (Bi \ {0}) x {\x\-Hi, \x\-H2). By (2), 

\wiy,s)\<Si\x\\y\f-'' WO < \y\ < Ro/\x\,ti/\x\^ < s < t2/\x\^. (5) 



Let ti < ts < t2. Then 



t-i t^ t'i — t 



By the parabolic Schauder estimates |2j, [12j, (5) and (6), there exists a constant 
Ci > such that 



\Vw{y,s)\<C, 



sup 

1/2 < |3| < 1 



w{z, t) < C25\x 



2-n 



(7) 



holds for any 2/3 < \y\ < 3/4, h/\x\^ < s < ta/kp where Cs = 2''-^Ci. By (4) and 
(7), 



\Vu{z,t)\ < Ca^lxl^"" y\z\ = -|x|,0 < |x| < i?o,^3 < ^ < t2 

|Vu(z,t)| < Ca^l^r^" Vl^l < ^i?o,t3 < t < ^2- (8) 

Let i?i = 3/(4i?o). We will now use a modification of the proof of Lemma 2.3 of |1] 
and Lemma 2.1 of [7] to complete the argument. We will first show that u satisfies 
(1) in f2 X (^1,^2) in the distribution sense. Since u satisfies (1) in (f2 \ {0}) x (0,T), 
for any < e < Ri and t] E C^{^1 x (0, T)) we have 



UT] dx 



*2 pt2 



Jtg Jn\B, 



urjt dxdt 



t2 



t3 Jn\B, 



Vm ■ V?7 dxdt 



t2 



du , , 
rj— dadt 

i3 JdB, on 



(9) 



where du/dn is the derivative of u with respect to the unit outward normal at dB^ 
By (8) 

du 



lim sup 



t2 



t3 JdB, 



T]— dadt 
on 



<C26it2-t,)\dBMLo 



Since 5 > is artibrary, there holds 

<-t2 

lim 

£^0 



rj— dadt dxdt = 0. 
on 



(10) 



'is JdB, 

By (8) and the Lebesgue dominated convergence theorem, 



lim 



t2 



Vm ■ Vt] dxdt 



t2 



Vn ■ Vrj dxdt 



(11) 



Hz Jn\Be Jt-s Jn 

Letting £ ^ in (9), by (10) and (11) there holds 



UT] dx 



la. 



t2 



tg Jt'i 



rt2 r rt2 r 

/ / uritdxdt- / / Wu-Wridxdt Vts G (ti, )f:2). (12) 
Jt'i Jn Jts Jq 
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Hence m is a distribution solution of (1) in x (ti,t2)- By (2) for any 1 < p < 



there exists a constant > such that 



sup / u{x,tydx<Cp 

ti<t<t2 J Bug 



(13) 



By (12) and (13) and an argument similar to the proof of [TT] and section 1 of [TO 
u G L'^^[Br^^ X (^1,^2))- We now let v be the solution of 



Vt = Av 



in Br^ X (t3,t2) 



dv du 

— (x,t) = 7^(x,t) on OBr^ X (t3,t2) 

on on 

v{x,t3) = u{x,t3) in Br^. 

For any < h E C'^{Br^) and ts < t < ^2 let be the solution of 

r/t + Ar/ = inB^, x(t3,t) 
drj 



(14) 



9n 



[a;,t) = on OBr^ x (^3,^) 



(15) 



r]{x,t) = h{x) in S/j^. 
By the maximum principle, 

< T] < \\h\\Lo. in Br, x{ts,t). 

Then by (14) and (15), 



(16) 



{u — v)rjdx 



Br,\B, 



t3 




[{u — v)rit + (m — v)tri] dxdt 



Its JBr,\B, 

ft 




[{u — v)rjt + A('u — v)rj\ dxdt 



'h JBr,\b, 
ft 



n{u — v){rit + Arj) dxdt — f j rj-^^u — v) dadt 
-„ -!r^\Bs Jt-i JdB, on 



/"* f 9r] 
+ / {u — v)—dadt 

Jts JdB, on 
t r g 

7]—{u — v) dadt + 
t3 JdB, on jp^ jQR^ 





I dn 
[u — v) — dadt. 
on 



By (2), 




t-i JOB, 



dn 

{u — v) — dadt 
on 



< Ce as £ ^ 0. 



(17) 
(18) 
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By (8) and (16), 



lim sup 

£-*0 



/ / rj-^(u — v) dadt 
Jt3 JdB, on 



< CS. 



Since 5 > is arbitrary, by (19) there holds 



lim 

6^0 



* f d 

t-, JdB, on 



0. 



Letting £ ^ in (17), by (18) and (20), 



{u — v){x, t)h{x) dx 



/ {u-v) {x, h)7j{x, ts) dx = 0. 



(19) 



(20) 



(21) 



We now choose a sequence of functions hi e C^{Bji^) converging to X{u>v} a.e. 
X e Bji^ as i — > oo. Putting h — hi in (21) and letting i — > 0, 



{u — v)+{x, t)dx = Vta <t<t2- 



By interchanging the role of u and v we get 

/ (v — u)+{x,t) dx — yt3<t<t2- 



(22) 



(23) 



Hence by (22) and (23), 



\v — u\{x,t) dx = Q Vts < t < ^2 



u{x, t) = v{x, t) VO < \x\ < Ri,h < t < t2. 



(24) 



Hence u has removable singularities on {0} x (t3,t2)- Since < ti < < t2 < T is 
arbitrary, u has removable singularities on {0} x (0, T) and the theorem follows. 

Proof of Theorem 2: Theorem 2 follows by an argument very similar to the proof of 
Theorem 1 but with (3) replacing (2) in the argument. 

An alternate proof of Theorems 1 and 2: We will show that when (2) (respectively 
(3)) holds, then u has removable singularities at {0} x (0,T). Suppose (2) holds if 
n > 3 and (3) holds if n = 2. We first observe that by the previous argument for any 
Q <ti<t2<T u satisfies (12) and u e -^^^(0 x (0, T)). Let 'Br^ c Q and let w be 
the solution of 

wt = Aw in Bjt^ X (ti,t2) 
w = u on Bn, x {ti} U OBr^ x (^1,^2)- 
By the maximum principle, 



|w||loc < ||'u||L°°(Bfl^x(ti,t2)) < 00. 
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(25) 



For any £ > 0, let 



We = 



w -u + " if n > 3 

w — u + elog{Ri/\x\) iin — 2. 



Then Wr satisfies 



We,t = AWe in {Br, \ {0}) X {h, t2) 

We>u on dBn, x (ii, ^2) U 'Br, x {^i}. 

By (2), (3), and (25) there exists a constant < ro < i?i such that 

We > on X [ti,t'2\ 

for all < ri < Tq. By the maximum principle in {Br, \ Br,) x (^1,^2), 

We>0 in {Br, \ Br,) X{ti,t2) 

w - u + elxf-"" > <\x\ < Ri,ti <t <t2 if n > 3 

w -u + e\og{Ro/\x\) >0 <\x\ < Ri,ti <t <t2 if n = 2 

=^ w > yO <\x\ < Ri,ti <t <t2 as ri ^ 0, £ ^ 0. (26) 

Similarly by considering the function 

w — u — e\x\'^''^ if n > 3 

w — u — elog{Ri/\x\) iin — 2 

and applying the maximum principle and letting £ ^ we get 

w <u yO < \x\ < Ri,ti <t < t2. (27) 

By (26) and (27) we get (24) and Theorem 2 and Theorem 3 follows. 
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